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Abstract

Neurons generate magnetic fields which can be recorded vétiiaacopic techniques such as magneto-encepha- logra-
phy. The theory that accounts for the genesis of neuronahstagfields involves dendritic cable structures in homoge-
neous resistive extracellular media. Here, we generdiisentodel by considering dendritic cables in extracelloladia

with arbitrarily complex electric properties. This methiscbased on a multi-scale mean-field theory where the neuron
is considered in interaction with a “mean” extracellulardiuen (characterized by a specific impedance). We first show
that, as expected, the generalized cable equation andahéastl cable generate magnetic fields that mostly depend on
the axial current in the cable, with a moderate contributibextracellular currents. Less expected, we also showthieat
nature of the extracellular and intracellular media infeeethe axial current, and thus also influence neuronal magnet
fields. We illustrate these properties by numerical sinitetand suggest experiments to test these findings.

1 Introduction

Neuronal magnetic activity is usually measured throughmeégencephalogram (MEG) signals, which are recorded by
using sensitive Superconducting Quantum Interferencededls8QUID) detectors. These sensors operate at very low
temperatures (4 Kelvins), and must necessarily be locagatinseters away from the human scalp [1]. Because of the
macroscopic aspect of SQUID measurements, it is usuallynasd that the underlying sources are “macroscopic dipoles”
produced by the synchronized activity of thousand of nesimora small region of cortex [2].

However, since a few years, manyats were devoted to building magnetic sensors of anotimel, kihich are based
on the Giant Magneto-Resistance (GMRieet in spin electronics [3]. Such sensors have the advartiaeing able
to work at physiological temperatures, and they can be iuinzed, so it is possible to build “magnetrodes” [4], the
magnetic equivalent of a micro-electrode. Such devicesianed to record microscopically, the activity of a smallgpo
of neurons. While the theory exists for macroscopic SQUIasueements and macroscopic neuronal sources [2], the
theory to explain the genesis of magnetic fields by singleareihas been very scarsely developed [5]. This is the first
movivation of the present study.

The second motivation follows from a controversy in therétere about the role and properties of the extracellular
medium around neurons [6, 7]. The “standard” model of theegirof the extracellular local field potential (LFP) assame
that the neurons are dipolar sources embedded in a regi&ivaic) extracellular medium. While some measurements
seem to confirm this hypothesis [8], other measurementaiede marked frequency dependence of the extracellular
resistivity [9, 10], which indicates that the medium is n@sistive. Indirect measurements of the extracellulaeidance,
as well as the spectral analysis of LFP signals, also inglidaviations from resistivity [11, 12, 13, 14]. Such devat
can be explained by phenomena like ioniffsion [15], which reproduce the correct frequency-scabiigFP signals,

In addition, there is also evidence [16] that multipolar gmments are not siicient to explain the data, but that a strong
monopolar component should be taken into account.
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These controversies have important consequences, batdnesextracellular medium is non-resistive, several fand
mental theories of neural dynamics, such as the well-kn@bited¢heory of neurons [17, 18] or the Current-source dgnsit
analysis [19], are incorrect and need to be reformulatedrdargly [15, 20]. The same considerations may also hold for
the genesis of the magnetic fields, as the current theoryd@lassumes that the medium is resistive.

In the present paper, our aim is to build a neuron model torgémelectromagnetic fields based on first principles, and
that does not make any a priori assumption, such as the radttive impedance of the extracellular medium. However, to
this end, we cannot use the classic cable formalism, whichimally developed by Rall [17]. Although this formalism
has been one of the most successful formalism of theoretzabscience, explaining a large range of phenomena[18, 21
22, 23], itis non valid to describe neurons in non-resigtisaglia. To palliate to this éliculty, we have recently generalized
cable theory to make it valid for neurons embedded in medih arbitrarily complex electrical properties [20]. In the
present framework, we will use this generalized cable thedrich will be extended to calculate neuronal magnetic
induction and electric potential in extracellular space.

We start by outlining a generalized theoretical formalisnsdlculate the magnetic field around neurons, and we next
illustrate this formalism by using numerical simulations.

2 Theory

In this section, we develop a mean-field method to evaluaerthgnetic inductior produced by one neuron or by a
population of neurons, based on Maxwell theory of electrgpmedism.

In a first step, we start from Maxwell equations in mean field] [And in Fourier frequency space, to derive the
differential equation for the magnetic inductiBnNote that in principle, one should use the notatioB > for the spatial
arithmetic average d, but in the rest of the paper we will use the notatifor simplicity. The same convention will be
used for the other quantities such as the magnetic Feldlectric fieldE, electric displacemerﬁ, electric potentiaV,
magnetic vector potentiaﬂ, free-charge current densiﬁ;, generalized current densifyq [20] and the impedance of the
extracellular mediunzmeqia Note that taking the spatial arithmetic average of the omadmpedance implies to take the
harmonic mean over the medium admittagcbecause we hav@egia= 1/y = 1/(0 + iwe).

In a second step, we evalueﬁeproduced by a cylinder compartment embedded in a compleaattular medium.
We begin by calculating the the boundary condition8afn the surface of the cylinder compartment. This method uses
the same approach results that we recently introduced gligdjpo calculate the transmembrane electric potentitidén
same model [20]. This method will be used to calculate thendaty conditions oB, and these boundary conditions will
then be used to obtain an explicit solution of thfetiential equation thdd must satisfy. Next, we will explicitly calculate
the fieldB.

In a third step, we use these results together with the sopiign principle to obtain a general method to calculate
the field B produced by a large number of cylinder compartments, whichke either define a single neuron dendritic
morphology, or a population of neurons.

2.1 Differential equation for B

We now derive the dierential equation foB in mean field and in an extracellular medium which is lineatehogeneous
and scaldr. In such media, we consider the general case where theredambation of ions, through chemical reactions.

INote that by definition, a given mediutimear when the linking equations between the fields are convaiyimducts that do not depend on the
field intensities. A medium iscalarwhen the parameters in the convolution products do not deperirection in space (ie, are isotropic), which is a
good approximation in a mean-field theory.



Such charge creation or annihilation will determine addiéil current densities. At any time, we have:
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wherep® andp® are the variations of positive and negative charge dessifiopduced by chemical reactions in a
given volume. These relations express the fact that thednaege density remains invariant when we have creation and
annihilation of ions, but that the non-conservation of thtaltnumber of ions determines, in general, a current deosit
. oC > P . .
charge creation (becausg ' andj necessarily have the same sign).

In such a case, according to classic electromagnetismythgtarge densities and current densities are linked by two
sets of equations. The first set comprises four operatagis#ons:

V-D(Rw) = p'(Rw) () V-B(Xw) 0 (il
1)

YXxE(Rw) = -iwBRw) (i) VxHXw) P Rw)+] (Rw)  (iv)

Note thatfg = ff +iwD [Eq. (2 V)] Whereff is the free-charge current density and is the displacement current
density.

A second set of equations comprises the two linking equath@mNe?rf) andE, as well a# andB interaction fields,
and one linking equation between the free-charge currenﬂitgefieldf andE. Experiments [10, 24] and theory [25]
have shown that these linking equations can be represeytde iollowing convolution equations

DRw) = &(Xw)E(Kw) (i)
B(Xw) = puRo)HRw) (i) )
rf (Xw) = o((Xw)E[Xw) (iii)

for a linear and scalar medium. Note that all of the above was(lated in Fourier frequency space.

Assuming that if the base volume considered in the meandigddysis is large enough, we have at any time the same
number of creation and annihilation of ions, and we can v?r‘f(e?, t) ~ 0, so that the Fourier transform 5?()?, t) can
be considered zero for physiological frequenti€his is equivalent to consider that the current fluctuatioaused by
chemical reactions are negligible. It follows from Egs.i{Lland (1 iv):

Vx(VxB)=-V2B+V(V-B) = -V2B = 1oV x| . (3)

wherej ? is the generalized current density. This current can beessed ag’ = y E = (o + iwe) E, wherey is the
admittance of the scalar medium (in mean-fiekke also the linking equations [Egs. (2)]). If the voluméefmean-field
formalism is large enough, the admittance does not depesgatial position, and we can write:

ergzyVXéz—iwyg 4)

It follows that
V2B = iwpoy B. (5)

2Note that it is clear that one can have fluctuations of the ramal ions per unit volume, independently of the size considewhen the time
interval is stficiently small. However, such contributions will necedgaparticipate to very high frequencies in the variatiorft%(%, w)), which are
well outside the “physiological” range of measurable frengies in experiments (about 1-1000 Hz).

SNote that in a mean-field theory, the electromagnetic patersare calculated for a given volume, and therefore doemmeidd on spatial coordinates
(for a suficiently large volume). However, the renormalization toadbtthe “macroscopic” electric parameters results in aueegy-dependence
of these parameters. This occurs if electric parametersiatrspatially uniform at microscopic scales, or from preesssuch as ionic filusion,
polarization, etc. [15, 26, 27].
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Thus, one sees that in general, thetiential equation foB depends on the admittance of the mediunThis is due
to the fact that we have consider@ck fg # 0in Eq. (4), which is equivalent to allow electromagneticuotion to occur.
This is counter-intuitive, a8 is usually believed to be independent of the electric patara@f the medium.

We will see later that, for physiological frequencies, tighthand term of Eq. (5) is negligible, so that we can in prac-
tice calculateB very accurately using the expressm?ﬁ = 0. Note that this approximation amounts to neglect electro-
magnetic inductionféects in the context of natural neurophysiological phencatétow frequency€ 1000HZz) because
the righthand of Eq. (5) originates in the mathematic foinadion of electromagnetic induction (Faraday-Maxwel|la
Eq. (1 ii)). However, it is important to keep in mind that thehthand term in Eq. (5) cannot be neglected in the pres-
ence of magnetic stimulation [28], because this technices electromagnetic induction to induce currents in biokig
media. Therefore, when considering magnetic stimulatianwill need to update this formalism accordingly.

2.2 Evaluation of B

In the preceding section, we have determined tliidintial equation tha8 must satisfy in Fourier frequency space.
Note that the linearity of Eq. (5) implies that its soluticor fa given frequency does not depend on other frequencies
(which would not be true if the equation was non-linear). ldwer, this equation is not ficient to determin® because

the boundary conditions must be known to obtain an explaiit®on. To solve this boundary condition problem, we
must use cable equations because we consider the “micioscage where the electromagnetic field results from the
activity of each individual neuron, rather than considgrimacroscopic” sources representing the activity of tlamas

of neurons as traditionally done. Moreover, to keep the &ism as general as possible, we consider the “generalized
cable equations” [20], which generalizes the classic cafleations of Rall [17, 18] to the general situation where the
extracellular medium can have complex or inhomogeneouwsrigdal properties. We will also use a similar method of
continuous cylinder compartment as introduced previo[ 20y

In the following, we first calculate the boundary conditidos an arbitrary cylinder compartment (with arbitrary
length and diameter) [20]. We will see that it isflscient to evaluate the generalized axial curiérinside each con-
tinuous cylinder compartment to evaluate its boundary ttmms$. Second, we consider the more realistic scenarion of
a dendritic branch of variable diameter, which is approxéday continuous cylinder compartments (Fig. 2). We then
calculate everywhere in space the valueﬁqf)roduced by this dendritic branch. Finally, we give a geheéeacription
of the computation oB produced by several dendritic branches. This descriptamapply in general to any dendritic
morphology, or axons, from one or several neurons.

)

Br

Figure 1:(Color online) Coordinate ccheme for a cable segment ofteohsliameter. The scheme shows the cable with the cylindric
coordinate system used in the paper, as well as the surfaeeslC, which are the sections that cuts the cable perpendiculis to
membrane (delimited by surfa®). D is the interior volume of the segment, as delimited by thestaeses, and® is the reunion of

the two surface#\ andB.

2.2.1 Boundary conditions of8 for a continuous cylinder compartment

We now calculate the boundary conditionsfodn the surface of a continuous cylinder compartment. To o dime must
first calculate the direction d& on the surface of the compartment. Once the directid® isfknow, one can calculate the
boundary conditions d&.

4The method of continuous cylinder compartments consiss®lofng analytically the cable equations in a continuousdyic cable compartment,
which can be of arbitrary length, but constant diameter @stails in [20]).
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Direction of B To determine the direction & over the surface of a continuous cylinder compartment afissa] one
can use the expression of the Vector Poterﬁiaﬁ =V x 5\) in conditions of Coulomb’s Gaug&'( A= 0) and the law
of Kelvin-Maxwell (V - B=0 [Eq. (LiiD)]).

ComponentB? on the surface of the continuous cylinder compartment If one substitutes in Eq. (1 iv)§ =VxA
(within Coulomb’s Gauge), we obtain:
VxB=Vx(VxA)=-V2A +V(V-A) = -V?A = 5 . (6)

Thus, each component&fis solution of a “Poisson” type equation, and we can writeyilimclric coordinates:

4 ,
AR w) = H fff J_ (X 0) rdrde’dZ @
A g VrZ+ 121 2rr'coq6 - 0) + (z- 2)2

if we assume tha& = O at infinite distance . The integration domdfipn represents all space. However, assuming
that the current field in a continous cylinder compartmetio¥es cylindric symmetry, we can write that in any point
of space, the generalized current density is given jB‘qyzz i"9(r,2) & +j*9(r,2) & whereé&, and& are respectively
parallel and perpendicular to the symmetry axis of the asuatent. It follows that the Vector Potential is of the form
A = A'(r,2) & +A%(r, 2) & [Eq. (7)]. Thus, the componeBt of B is always equal to zero, since we hfe= (VxA) % = 0

The componentB’ on the surface of the continuous cylinder compartment The application of Kelvin-Maxwell's
law [Eq. (1 iii)] implies that the surface integral (Fig. 1) B" gives:

!!deszafﬂfé.ﬁdssgfvéduzo (8)

because the componeBt = 0 = ffB A= ffB i dS = ff|BZ|dS fleZ|dS 0 (for a plane perpendicular to

the surfaceSg of the compartment Thus we can deduce Eﬁatz 0 because the integral & is zero for a surface of
arbitrary lengthSg. Consequently, the general expressmBan’ver the surface of a continuous cylinder compartiment is
given by:

B =B%,. (9)
Note that electromagnetic induction is taken into acconrthis derivation because we did not use the explicit value of
V x E when deriving Eq. (1 ii).

Evaluation of B? on the surface of the continuous cylinder compartment We now evaluat®’ as a function of the
generalized current. We calculate the value8bfs a function of the generalized current over the surgéFig. 1)
using Ampeére-Maxwell law [Eq. (1) iv]. We obtain:

56§.d§=ffoﬁ-ﬁsAdszpoffrg-ﬁsAdszuoii", (10)
BSB SA SA

wherei? is the generalized axial current inside the continuoushdgli compartment. Taking into account cylindic
symmetry gives:

Hol'(Z w)
Toma &,
wherei.? is the axial current inside the compartment arisl its radius.

B=B%, = (11)

This equation together with Eq. (5) show that the valudadround a dendritic compartment will depend on the
impedance of the extracellular mediudy{) for two different reasons. First, the righthand term of Eq. (5) expficit
depends on the extracellularimpedance, but we will seesiméxt section that these electromagnetic inductiteces are
likely to be negligible. Second, Eq. (11) shows that the ftzum conditions also depend on the extracellular impedance



because the spatial and frequency profiles 0tlepend on this impedance [20]. However, we will see thatfraon
to electromagnetic induction, this dependency cannot géeneed when calculatinﬁ, because thisfiect is potentially
important. In the next section, we calculate magnetic itidndn the extracellular space by directly solving Eq. (Sing
the boundary conditions evaluated by Eq. (11).
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Figure 2:(Color online) Scheme to calculate the magnetic inductimdpced by a dendritic branch. To evaluate the contribution
of the dendritic segment, we divide space into three regibnB, R. We first evaluat8’ in the principal region P, which corresponds
to the space between Regions L and R. Next, we evaBfaitethe boundary regions andR. Note that the knowlegde &’ in Region
Np
P is necessary to evaluaB¥ in RegionsL andR because it one must knoBf on the two planeg = 0 andz = 3 |; = |, in order to
i=1
calculate its explicit value in RegiodsandR using Eq. (5).b. Evaluation ofB? for a segment of variable diameter. In this case, the
Np
same procedure is followed, except that Region P is dividemN, compartments, each described by a continuous cylifder| J p;.
i=1
Note that the continuity conditions on the axial current thretransmembrane voltage allow one to define boundary tonslifor B
over the surfaces of the compartmeptsThe figure shows an example with = 3.

2.2.2 General expression oB in extracellular space for a dendritic branch

In this section, we derive a method to calculate the exmasﬁﬁﬁ for a dendritic branch (Fig. 2) In cylindric coordinates,
Eq. (5) writes:

= 2Rr 2Rr 2Rr r 0 N
V2B = [£B , 108 2B 108 208 ]

or? + 2 967 072 roor r2 90

1 9%B? °B? 1 9B
2 962 Zz T FW] &

zBa 2g¢ 1 8° 2 5B BYq A
[(9 a il a ] [

_— __+____

or2 r2 2 o2 T ror 2 96

+ (12)

6r2

= iwpoyB = iwuoy[B'& + BY& + B%)

According to preceding section, the boundary conditionplyrm? = BY(r,2) & on the surface of each continuous
cylinder compartment, as well &= 0 for infinite distances. The cylindric symmetry of the boundeonditions implies
thatB" = B* = 0 everywhere in space because the solution of Eq. (12) is eniGonsequently, to evaluate the value of
B? produced by a dendritic branch, one must solve the followingation:

B’ 148 4B BY )
S T T Az T T kB 3

2.2.3 Solving the equation oB for a continuous cylinder compartment

In this section, we introduce an iterative method to cakeulae solution of Eq. (13) for a continuous cylinder comyesrt
of radiusa and lengthl, when the values oB’ at its surface are known. The goal of this approach is to peoain
alternative method and avoiding to solve Laplace equaf8B{ = 0) using finite elements methodsWe approach the

5Equation (13) can be easily solved using the finite elemethodefor a simple geometry. For example, Galerkin methocksveery well in this
case, but requires significant computation time [29]



Figure 3:(Color online) Scheme to calculaBé. a Extension of the compartment in Regions L and R when the ipahcegion (P)
consists of a single cylinder compartment of radiu®. Calculation scheme. In a first step, we calculate in Fospace the field?

by assuming that the boundary conditions on the cylindesach thatB?(a, z < 0, w) = 0andB’(a, z > |, w) = 0in Regions L and R.
The solution of Eq. (13) obtained in such conditions is chifeefirst-order solutionof BY. In a second step, we improve the boundary
conditions by applying the Hankel transform of order 1 tie&@ator, and the continuity principle of the solution at the bordef® and
P-R. We re-evaluate the solution of Eq. (13) with these neundary conditions to obtain second-order solutionf BY. The same
iteration is continued.

solution analytically by using the mathematical relatitesween the dierent currents present in the neuron, and the
magnetic induction that these currents produce.

We calculateB? in space assuming that Region P contains only one continudimsler compartment (Fig 2a), but
the method can be easily generalized to the case with ses@mgbartments (Fig 2b). In this case, to generalizdlgo
compartments, one must determine the boundary conditioB$ for each compartment inside Region P. In all cases, we
assume tha’ satisfies: 1BY is a continuous function on the borders L-P and P-R [Fig. BB?2= 0 at infinite distance;

3) BY = 0 on the symmetry axis of the compartment.

To calculate the solution, we extend the original compantnre Regions L and R using the same radiu$ig. 3a).
Note that by convention, we place the symmetry axis on thg-and place the continuous cylinder between coordinates
z=0andz=1>0.

At the first order of the iteration, we assume that

Il
o

B(a,z< 0, w)

BY(a,z> I, w) 0

over the surfaces of the extended compartment (L and R) hndrisures the spatial continuity of the first-order solution
at the borders L-P and P-RA priori this choice is arbitrary but we have chosen here a partiaflanuation law which
neglects the radius of the extended compartment. Followiiggfirst choice, we calculate the solution of E@3) by
using complex Fourier transform alomgThis leads to:

+00 .
BY(r. 2 w) = % f o1 k. ) €7 dlky | (14)

00

where .
g1 Ky, ) = f BU(r, 2 w) e dz. (15)

00

We next substitute Eq. (14) in Eq. (13), which leads to

g2y 1 1
f d_rg + oL -0+ ) gl eidz=0. (16)

Here, we have neglected electromagnetic inductiopdyB? ~ 0), because we haveu,|y| ~ 0 for the typical size of
aneuron in cerebral cortex, and for frequencies lower thaot 000Hz Indeedu, = 47x 10" H/mand the admittance



of the extracellular medium is certainly lower than thated svater, and thus we can Wrii&ediunt < |Yseawater] < 1. This
approximation amounts to neglect the phenomenon of elaetgoetic induction (in the absence of magnetic stimulation
Thus, the frequency dependenceéds essentially caused by the frequency dependence of tabaxient’. Note that

i’ depends on the nature of extracellular and cytoplasm impm$aas shown previously [20].

Thus, we have (fok, andw fixed) the following equality:

d’9 1dg 1

2K+ 2)g=0 17
arz Trar (Z+r2)g (17)
because the Fourier transform of zero is zero. It follows tha functiong must be solution of the modified Bessel

differential equation of order 1. The general solution of sucacration is given by:
g(r, Kz, w) = c(ky, w) 11 (KAr) + d(kz, w) K1 (IKAr) , (18)

wherel is a a modified Bessel function of first kind of order 1 afdis a modified Bessel function of second kind
of order . Such functions are illustrated in Fig. 4 as a functiom dér typical parameter values that corresponds to
neurons. Note that we must assume thas very small for functiorK;(|k/|r) to have a significant value for largeFor a
fixed value ofKy, we havek, ~ 1/r.

Finally, to evaluate the céigcientsc(k,, w) andd(k,, w), we apply the continuity condition &’ between the interior
and exterior of the extended compartment, and Biainust be zero on the symmetry axis of the compartmest 0),
as well as at infinite distance. Becauke(co, w)| = oo, we must assume thatk,, w) = 0 outside of the cylinder, and
becauséK; (0, w)| = o, we must assume thdtk,, w) = 0 inside of the cylinder. Taking these conditions into acdpun
we obtain:

; _  g@kw)
exterior r>a dky,w) = iilkzla)
(19)
; ; _  g@kw)
interior r<a ok,w) = glf(L|kz|a)
It follows that the approximative solution of first-ordergiven by:
exterior r>a B'(Lzw) = £ [T g@aks, w)% etk gk,
(20)
interior r<a B'(nzw) = £ [ g@k, w)% etk gk,
where the functiog(a, k;, w) is given by Eq. (15).
+00 .
g(a kg, ) = f B'(a, z w) e dz. 1)

This first iteration gives us a first-order approximatiorB8f which is refined in successive iterations, as schematized
in Fig. 3b. We use the first-order approximation in Region Paigulate the solutions in Regions L and R. To do this, we
use the first-order Hankel transfofiior the variabler. To do this, one applies the continuity principle at the leosd_-P
and P-R. This gives the following relations:

BY(r,2 ) = fo keha(ke. 2 ) da(ker) dis (22)
where .

ok, 2.0) = fo (B(r. 2. ) (k) dr (23)
in RegionsL andR.

The Hankel tranform is a calculus technique similar to theelet transform (Fig. 4c-d). Note that the valueskof
vary inversely proportional to the valuesrofsimilarly to the relation between parametgand z above (Fig. 5).

SWe havedy(ir’) = il1(r’) andYi(ir’) = 11(r’) + %iKl(r’), whereJ; is the modified Bessel function of first kind of order 1, aridis the Bessel
function of second kind of order 1.

"This is equivalent to the first-order Fourier-Bessel trarst This particular transform was chosen here becauseittegién J; (k- r) has the same
boundary conditions as in the present problem (Fig. 4ctd§:dqual to zero for = 0 and forr — oo.
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Figure 4: (Color online) Bessel functions for a continuous cylindempartment. The Bessel functions are indicated as a functio
of the distance perpendicular to the axis of the cylinder; the cylinder hdéraythl of 300 um and a radiua = 2 um. We have

k = 2x 10* m. a K; as a function of distance. The red curve shows the fundigikr) with k = k'. The black dashed
straight line represents the functidyikr and the blue dashed curve represents the asymptotic beludvi@ for r — . We have
Ky(kr) = \/% e . At short distances (smaller thatik), the functionK; decays linearly with distance, but for large distances
(r > n/K), it converges more rapidly than an exponential decay wgtadce.b. The functionl; (modified Bessel function of first kind
of order 1) is well approximated by a straight lig(kr) = kr/2) for k = k’ whenr < a. c. Bessel function of first kind of order 1 when

r > a. The blue and black curves correspond respectiveky-tdk’ andk = 5k’. Note that we havd; (kr) = \/% cogkr — 37”). We
see that whek is large enough, the functiah (kr) can capture small spatial variatiors. The Bessel function of first kind of order
1 is equivalent to a straight lind{(kr) = kr/2) whenr < a. The blue dashed curve corresponds to approximalitig) by a linear
law for k = K’, while the black dashed curve is the linear approximatiarkfe 5k’. The red curves corresponddgkr) for k = k' and

k = 5k’ [30, 31].

By substituting Eq. (22) into Eq. (13), and neglecting gl@ttagnetic induction as above, we obtain for fixed

@ k) | ddkr) (k2 )
2 1 1 _ 2 1\Krs -
[ e S e .z )+ PR EE k= 0 (24)
In addition, the first-order Bessel function satisfies tHmWaing equation :
d?di(kr)  dd(kr)
207J1 1 2.2 _
r a2 +r ar + [kere = 1]31(kr) = 0. (25)
It follows that S
[tz e,z aautn k di =o. (26)
0
Because the Hankel transform of zero is zero, we can writéXed values ok, andw:
a2 kihy=0. 27)

Thus, the general solution of Eq. (27) is given by:

hi(k, 2 ) = ak, w)e™* + b(k, w)e ™% + c(k, W)k z+ d(k;, w) . (28)
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Figure 5:(Color online) Example of application of the Hankel transfioof order 1.(a). Approximation using the Hankel transform
of order 1 of the functiorf(r) = H(r —a)1/r witha = 1 um, 1 < k, < 5x 10° andAk, = 1C®. The values smaller that®® are not
significant because of the value &k is larger than 1000. We can see that the approximation uemélainkel transform is valid for
distances up td mm (b). Inverse transform applied to this approximation (in blue)d comparison with the original function (in
red), betweerd umand1 mm The parametek; of the Hankel transform plays a similar role as the wave nur(@e in spatial Fourier
transform. The largek;, the more sensitive to fine spatial details.

Using the condition tha? vanishes at infinite distance for each frequency, impliat for each frequencg,= c=d =0
whenz > |, anda = b = d = 0whenz < 0. Consequently, the solution in RegiohandR are given by:

B(nzw) = [ hi(k.w)di(kr) ke @ dk z<0
, (29)
Bnzw) = [ hi(k,w)di(kr) ke dk 2>
Wherehil fori = L andi = Rare given by the continuity conditionsat 0 andz = |, and we obtain:
hi(k,w) = hy(k,0,w) = fomrBe(r,O,w)Jl(k,r)dr
(30)
hik,w) = hik.lw) = fOOOrB‘)(r,I,w)Jl(k,r)dr

It follows that we can calculate the new limit conditions bie extended compartment, by applying Egs. (29). We obtain:

B’(a,z w) 5 (k. w)di(ka) kek@dk  z<0

: (31)

Blazw) = [ hilk.w)di(ka) ke = dk z>I
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After applying the Hankel transform of first-order, if we oer the same boundary conditions that were assumed at
the borders of the cylinder compartment, then we have rebitteeexact solution. If this is not the case, we can continue
to improve the approximation of the solution by furtheratgons (Fig. 3). To do this, one considers the original ba@umd
conditions in Region P together with the new expressionstferboundary conditions at the extended compartment (L
and R) according to Egs. (31) One applies the complex Fotraasform on axiz [Egs. (20) and (21)] to obtain a
higher-order approximation. The iteration is then corngithuntil one obtains a satisfactory solution (Fig. 3b-c;dstails
in Appendix A).

2.2.4 Importance of the spatial profile of the axial current

In the previous section, we have calculaBdithout explicitly considering the current in the extrdatdr space around
the neuron. However, we know that this current necessardgyces a magnetic induction, and thus it is necessary to
include this contribution to obtain a complete evaluatibB in extracellular space. In this section, we show that thiat th
contribution of extracellular currents is implicitly takénto account by our formalism, through the spatial anddesay
profile ofi?.

According to Egs. (1iv) and (2ii), we can evaluate the gelim¥d current outside of a continuous cylinder compart-

ment:
=9
J

_lv«s (32)
Ho

whenjﬂc = 0 and foru(X, w) = uo. Rewriting this expression in cylindric coordinates, weai

-9 1_106B* 9B . 9B" oB* . 1 ,0(0B% 4B, .
=—[(=— - — —_— - = -— 33
b= lGgg — e (G 5 &y g — ) &1 (33)

It follows that . . .

> 1 0B, 0B B’ .

e e R G LY (34)
because the solution is of the foﬁ(r, 6,z w) = B%(r,z w) & [Sec. 2.2.2]. We see that the generalized current density
outside of the neuron is filerent from zero, if and only if we have

_6(% 0
(35)

oB? BY
a+v # 0

Thus, the external current around the neuron is taken irdowat because the solution depends andzin general (see
preceding section).

Note that we havé’%" = 0 (Fig. 2) if and only if the spatial profile of the axial curreifitdoes not depend on
[Eq. (11)]. In this case, the curren is zero, which implies that the electric field produced by ¢benpartment is also
zero [17, 18, 20]. In addition, we know that in a neuron, onencd have axial current without transmembrane current,
and thus, it is impossible thgg = 0in a given compartment. Therefore, we can conclude thatxtexreal current is
taken into consideration becaugex B # 0 outside of the compartment Whéﬂepends o’

In the preceding section, we have calculaBédfor a single continuous cylinder compartment. We now caersid
the more complex case when this compartment is connectedstoma on one side, according to a “ball-and-stick”
configuration. In this case, one can consider that the cudemsiwfg in Region R satisfie¥ -fg = 0 (generalized
current conservation law) wh(?r? =0and

erg=(0e+iw8)Vx|§=0

(when electromagnetic induction is negligible, and in méalul)®. It follows that we haV(avzfg = 0 in each point
of Region R. Thus, the fielag does not explicitly depend on electomagnetic parametanghais remarkable. With

8Note that we have considered several scales in [20]: theidntef the dendritic compartment, the interior of the sorires membrane, and the
extracellular medium.
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Figure 6: (Color online) lllustration of the current fields around thema of a ball-and-stick model. The current fields are shown
(arrows) around the soma when the generalized membrarentisperpendicular to the soma membrane (red arrows).sbpeiential
surfaces are shown in blue and correspond to the soma meenbrtirihe soma has a flierent “diameter”, but coincides with the
isopotential surface, then the geometry of these curraesland isopotential surfaces remains invariant. Howéheryalue of the
electric potential is dferent on each equipotential surface.

the continuity condition of the current at the interfaceviEsn Regions P and R, and the vanishing at infinite distances
G’ =5 0), we have a unique solution (Dirichlet problem) in Region R.

However, the method to calculate the generalized cablehball-and-stick model implicitly considers the soma
impedance in the spatial and frequency profiles on the cootis cylinder compartment(s) [20] Thus, the soma
impedance is also taken into account implicitly here whdoutating the current at the interface between Regions P
and R.

Itis important to note that the same current geometries eaebn for dferent soma sizes (Fig. 4), and thuelient
neuron models of identical dendritic structure bufetient soma will generate identical magnetic inductionsegiBn R
(compr[sing the soma). Note that it does not apply to thetetefield and potential around the soma because we have
E= i where(oe + iwe) depends on the size of the soma membrane. Thus, the somaanueed sfficient to
determined but its exact size is not important if the soma coincides withsopotential surface.

T (oetiw)e

Consequently, taking into account the spatial and frequenafiles ofB? over the surface of the cylinder compart-
ments allows one to calculate everywhere in space the Bed well as the current fields inside and outside of the
membrane. Thus, the spatial and frequency profile§ §q. (11)] implicitly take into account the screeninfjet
caused by the “return current” outside of the neuron, whessgmt. Note that this conclusion is entirely consistent wit
Maxwell equations and the pseudo-parabolic equation (&8yeld from it, because these equations determine a unique
solution for a given set of boundary conditions. In the nedti®n, we show how this method can be generalized to
complex morphologies or populations of neurons (still urtde condition that electromagnetic induction is negligjb

%In this paper, we have assumed tﬁ%ﬁs perpendicular to the membrane surface at the soma. Thigsrthat the internal and external surfaces of
the soma are equipotential because + ia)s)é is perpendicular to the soma membrane. Thus, the soma meenisraharacterized by an impedance
Zs = % which dtects the spatial and frequency profiles in the dendritic amnpents.

i
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Figure 7: (Color online) Example with 2 neurons. In order to calculdte value of the magnetic inductid® generated by many
neurons, one has to sum the valueﬁpproduced by each branch. Thus, it idfsient to know the axial currerhil" at each branch to
calculateB.

2.3 The general expression o for Ng dendritic branches from one or several neurons

Assuming that electromagnetic induction is negligibleg dimat the medium is linear, we can apply the superposition
principle such that we can writé as:

B=) B (36)

where eaclB; is the magnetic induction produced by each branch as if itisalated.

Thus, at some distance away of an ensemble of dendritic besreessimilable to continuous cylinder compartments,
the fieldB is the vectorial sum of the fielB produced by each compartment, which is itself calculatethfthe average
spatial and frequency profile of the axial current in eachgarnment (see Sec. 2.2.3).

3 Numerical simulations

In this section, we show a few simulations withfdrent types of media for a ball-and-stick type model. In & tsp,

we describe how to calculate the generalized axial curreatfanction of the synaptic current for a ball-and-sticketyp
model. In a second step, we apply the method developed abmatdulate the magnetic induction. We show here two
examples, first when the extracellular and cytoplasm impeesare resistive, and second, when these two impedances
are difusive (Warburg impedance).

3.1 Method to calculate the generalized axial current for a bll-and-stick model

In a first step, we determine the transmembrane voltage ipdbtsynaptic region. The current produced in this region

separates in two parts: one that goes to the soma (“proxjneadti another one going in the opposite direction (“digtal”
(Fig. 8). These two currents are given by the following fielas, Zp(z, w) = % andZp(z, w) = % for the distal

ip 4w, ip 4w,
and proximal regions, respectively. These expressions derived previously [20].

Next, we determine the equivalentimpedance at the posifitime synapse (Fig. 8) [20]. We obtain

Zed7 ) = Zp(z, 0)Zp (7, w)

= 72 0) + 20(2. ) 37

It follows that the transmembrane voltage at the positiothefsynapse is given by:

Vin(z, w) = Zey(Z, w) i (z, w) (38)
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Figure 8: (Color online) Equivalent scheme to calculate the curreswifig from distal to proximal at the position of the synapse,
when the synaptic current is known.

when the synapse is at positign Next, we determiné, (z, ) andi,(z, ) from the following expressions:

. Vin(Zi,w
Ig(zi’ w) = ng,m;

(39)
. Vin(Zi,w
IDg(Zi’ w) = Zog'i,mg

We have seen in [20] that with the generalized current, tidecaquations can be written in a form similar to the
standard cable equation:

*Vin(z w)
e = K Vn(zw) (40)
where 2 (rion) Wrion)
K2 - Z (I+lwty — Z nleTm
A fm i [+ 2 (Liwry)] (41)

wherel/rm, z andty, are, respectively, the linear density of membrane condeetéinS/m), the impedance per unit
length of the cytoplasm (irt}/m]) and the membrane time constant. The parané?bstands for the specific impedance
of the extracellular medium. This parameter impacts on ffagial and frequency profile ofy, im andi.?, and has the
same units asgy.

The general solution of this equation in Fourier space 0 is given by:

ALz, w) €™+ A(z,w)e*

Vimp(z w)
(42)

Vimp(Z, w) ALz, w) e (D AS(z,w) eal-D

for a continuous cylinder compartment of lendgtand constant diameter, and when we know the synaptic cuatent
positionz = z. In such conditions, the ciicients of Eq. (37) are given by the following expressiong gppendix F in
[20]):

Abz.w) = 1€ [Vip(z.w) + 2 i5(z,w)]
Aoz w) = 3% [Vip(z.w) - 2 if(z.0)]

(43)
Aszw) = 3e 0D [Vop(z,0) + 2 182, 0) ]

36" [ Vip(z,0) - 2182, 0) ]

Ka

As(z, w)
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Note that we can verify thaty, is continuous, in which case we havgp(z, w) = Vmp(z, w), which is consistent with the
fact that the electric field is finite. Thus, one sees that wthersynaptic current is known at a given position, the spatia
profile of Vi, can be calculated exactly for a continuous cylinder conmpaunt.

It follows that one can deduce the spatial and frequencylpsodif V,, when we know the current generated by each
synapse, thanks to the superposition principle. Finalig, can directly calculate the generalized current by apglthe

following equation :
0 1 0Vnm

i = "7 0z (44)
on Eq. (36) [20] . We obtain the generalized axial currentgated by a single synapse:
ifzw) = LAz e+ Ay(zw) e ]
(45)
i2(zw) = +2 [ ANz 0) egal-2  _ 4 Az, w) el-2) ]

To obtain the total axial current, one has just to sum up theributions of each synapse. Note that this “linear”
assumption only holds for current-based inputs, and a neatiifiodel is needed to account for conductance-based inputs
(not shown).

Finally, the knowledge of the generalized axial current&s to determine the boundary conditions®mnd apply
the method developed above [Eq. (11)]. In the next secti@amply this strategy to calculate the magnetic induction in
different situations.

3.2 Simulations ofB in extracellular space

In this section, we apply the theory to a ball-and-stick typedel of the neuron [21, 22], using twofldirent approxima-
tions of the extracellular medium and cytoplasm impedaeitieer when they are purely resistive (Ohmic), or when ionic
diffusion is taken into account, resulting in Warburg type ingrexs [20].

To do this, we model the ensemble of synaptic current sowases stochastic dipole” consisting of two stochastic
currents, stemming from excitatory and inhibitory synapgeach synaptic current is described by a shot-noise giyen b

N
is = > CH(t - ty) g =/ (46)
n=1

whereH is the Heaviside function. The stochastic variahl®llows a time-independent law. We have chosgr= 5ms
which corresponds ti vivo conditions,c = +1 nA for excitatory synapses, ardd= —1 nA for inhibitory synapses
(Fig. 9).

In the simulations, we have simulated a ball-and-stick aeunodel with a dendrite 0800 um length and2 um
constant diameter, and a spherical som&.bfum radius. The synaptic currents were located at a distan&&.6fum
of the soma for inhibitory synapses, and respectid&y.5 um for excitatory synapses. Note that this particular choice
was made here to simplify the model. This arrangement g@®eadipole which approximates the fact that inhibitory
synapses are more dense in the sfmimal region of the neuron, while excitatory synapsesdenser in more distal
dendrites [32].

3.2.1 Magnetic field generated by a ball-and-stick model wit resistive media

We start by calculating the magnetic induction for the “staml model” where the extracellular medium and cytoplasm
are both resistive. The electric conductivity of cytoplasas of 3 S/m, and that of the extracellular medium was of
5S/m, in agreement with previous models [17, 18, 22, 23].

The magnetic field generated by the resistive model is desttin Fig. 10. We can see that, for a given frequency,
the modulus oB? is almost constant in space over the dendritic branch inég®mn between the two locations of the
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Figure 9:(Color online) Synaptic current sources used in the sirrariat (a) Example of excitatory (blue, top curve) and intuityi

(black, bottom curve) current sources used in simulatidieese examples consists of 1000 random synaptic eventepend (b)
and (c): Modulus and phase, respectively, of the complexi€otransform of these processes. Note that the inhibitoryent in

not represented in (b) because its modulus is identicalgbdhthe excitatory current. The red dashed line in (b) poads to a
Lorentzian g2—) with 7, = 5 msand|A = 1 nA).
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Figure 10: (Color online) Magnetic induction for the relsistmodel. B’ is shown here at the surface of the dendrite,
as a function of position (distance to soma) foifelient frequencies between 1 Hz é&8@D0Hz The blue dashed lines
correspond t@®’ generated when only excitatory synapses were presenthatudbick curves correspond to both synapses
present.B? is always decreasing with frequency, and is larger and agipadely constant between the two locations of
the synaptic currents.

synaptic currents. It is also smaller outside of this regMate that the attenuation &f' is completely diferent whether
excitatory or inhibitory synapses are present (Fig. 102 lolashed curves). Finally, we also see that the attenudtibe o
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axial current is very close to a linear law although in rgalie have a linear combination of exponentials (see Eq. 45).
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Figure 11: (Color online) Frequency profile of the magnetdfior the resistive modeB’ at the surface of the dendrite

is represented as a function of frequency #fedent positions (both excitatory and inhibitory synapsesapresent). The
red curves correspond toftéirent positions between the inhibitory synapses and thestiva blue curves are taken at
different positions between the excitatory synapses and theféhd dendrite, and the black curves represent positions
in between the two synapse sites. Note that the modulBé dbes not depend on position.

The frequency dependenceBf is shown in Fig. 11 for the resistive model. The frequencyetelence depends on
the position on the dendrite. Between the two synapse sitask curves), the frequency dependence does not depend on
the position, and the scaling exponent is close to -1.5. Wew¢he phase d’ is position dependent, but is very small
(between 0 and -3 degrees). In this region, the frequendiyngdaegins at frequencies larger than about 10 Hz.

In the “proximal” region, between the soma and the locatibimloibitory synapses, the frequency dependence is dif-
ferent according to the exact position on the dendrite (Flgred curves) and the frequency scaling occurs at fredge®nc
larger than 1000 Hz. However, the frequency scaling is alidestical and the exponentis of about -1. The contribution
of this region to the value d8’ can be negligible compared to the preceding region for thgufency range considered
here 1000 Hz). The phase also shows little variations and is oflsam#plitude (between 1 and 3 degrees).

Finally, for the “distal” region, away of the site of excitay synapses, the frequency-dependence of the modulus of
B? varies with the position on the dendrite, and is significarly rom about 1000 Hz, similar to the proximal region. The
dependencies are almost identical between proximal amal digjions, except for frequencies larger than 1000 HzeNot
that the contribution of these two regions to the valuB‘bis very small and can be considered negligible comparedto th
region between the two synaptic sites (for frequencieslemifdan 1000 Hz). The Fourier phase shows little variations
between 1 and 5000 Hz. The frequency scaling exponent isairtdter of -1.5 between 2000 and 4000 Hz. Note that the
numerical simulations also indicate that the boundary it on the stick are very sensitive to the cytoplasm tesise
but are less sensitive to the extracellular resistance.

3.2.2 Magnetic field generated by a ball-and-stick model wiit diffusive media

We now illustrate the same example as above, but when tleeeitolar (cytoplasm) and extracellular media are desdrib
by a difusive-type Warburg impedance (Figs. 12 and 13). We haverassuhat the cytoplasm admittanceyis=
3% S/m, while that of the extracellular medium Y2 ¢+ S/m. These values were chosen such that the modulus

V2
of the admittance is the same as the preceding example wiitive media (see Section 3.2.1) for= 1.
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Figure 12: (Color online) Magnetic inductio®’ on the surface of the dendrite for a neuron embeddedffosive media.B’ is
represented for élierent frequencies. The blue dashed curves correspod produced at the surface of the dendrite with only
excitatory synapses, and black curves correspond to &xgitand inhibitory synapses present. We see®ias a decreasing function
of frequency, and is higher towards inhibitory synapsed,law outside of this region.

When calculating the magnetic induction, we see that theutnschfB? on the dendrite surface increases when one
approaches the position of inhibitory synapses, but is sergll outside of this region (Fig. 10, black curves). Not&tth
the attenuation law d8? along the dendritic branch is completelyfarent from that with only excitatory synapses present
(Fig. 10, blue dashed curves). We also see that the attenuaitthe axial current is very close to a straight line, but in
reality it is given by a sum of exponentials (see Eqs. 45).
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Figure 13: (Color online) Magnetic inductio’ on the surface of the dendrite, as a function of frequenayafaeuron within
diffusive mediaB’ is represented for ffierent positions on the dendrite, with both excitatory armbiitory synapses present. One can
see three distinct regions: proximal region between theasand the location of inhibitory synapses (red curves) oregietween the
two synaptic sites (black curves), and the distal regiomween the location of excitatory synapses and the end of thdrite (blue
curves). Note that the modulus Bf depends very weakly on dendritic position when we are in betwthe two synaptic sites.

We can also see that the frequency dependen8 depends on the region considered in the dendrite (Fig. h3). |
between the two synaptic sites (black curves in Fig. 13)fremuency dependence is almost indepenent of positioh, wit
a scaling exponent close to -1 (in the resistive case, it wasfer the same conditions; see Fig. 11). The Fourier phiase o
BY displays little variation. The frequency dependence kegtra frequency around 30 Hz.

In the “proximal” region, from the soma to the beginning o tthendrite, the frequency dependence of the modulus
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of BY depends on position, and is present at all frequency banetsvegn 1 and 10 Hz, the scaling exponent is close to
1/4, which would imply a PSD proportional tty f¥/2. This result is very dferent from the resistive case, which had
a negligible dependence at those frequencies (see FigNdi that the contribution of this region to the valueBSf

can be considered negligible compared to the precedingmetor all frequencies between 1 and 5000 Hz (which was
not the case for resistive media; see Fig. 11). Finally, therier phase is positive and approximately constant fos¢ho
frequencies. The scaling exponentis -0.5 between 2000@0@IE4z, while it was -1 in the resistive case examined above.

Finally, for the “distal” region, at the end of the dendritee frequency dependence of the moduluBbfaries with
position, and we observe a resonance around 30 Hz (Fig. 18)m#ar resonance was also seen previously in the cable
equation for difusive media [20]. Similar to the proximal region, the cdmition of the distal region to the value Bf
is very weak (for frequencies lower than 1000 Hz). The Faulese shows little variations. The scaling exponent is
around -1 betwen 2000 and 4000 Hz, similarly to the regiowbeh the synaptic sites. As above, the boundary conditions
of the surface of the “stick” are much more sensitive to theglasm impedance.
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Figure 14: (Color online) Distance-dependence of the miéagmaluction for a ball-and-stick model with resistive nied

The boundary conditions are represented in Figs. 10 and d)LAttenuation law for the modulus &’ relative tor
(direction perpendicular to the axis of the stick). Fox 100um = /6, the attenuation is varying agrlwith a
proportionality constant that depends on frequency.rFer200um = |/3, the attenuation varies d¢r? and is roughly
independent of frequency. (b) Attenuation law relative (@irection parallel to the axis of the stick). The attenoati
does not depend on frequency for positions outside the medietween the synapses. In all cases, the phase varied very
little and was not represented.

3.2.3 Attenuation law with distance in extracellular space

In this section, we show that the attenuation lavBbfrelative to distance in the extracellular medium (Figs. td &5)
depends on the nature of the extracellular impedance. Bighéws an example of the attenuation obtained in a resistive
medium, while Fig. 15 shows the same for a medium wittfudive properties (Warburg impedance). The parameters are
the same as for Figs. 10-11, and Figs. 12-13, respectively.

>From Figs. 14 and 5, one can see that the nature of the extdacehedium has little #ect on the attenuation
law relative to distance for a positionz in between the synaptic sites. However, the nature of theiumed more
influential outside of this region. Far< 100um = 1/6, the attenuation varies dgr and is dependent on frequency,
while forr > 200um = 1/3, the attenuation varies dgr2. The nature of the medium changes the position dependence of
the magnetic induction. In afilisive medium, the “return current” more strongly depend$requency compared to a
resitive medium, and the partial derivativeRff relative toz is less abrupt (low-pass filter).

When comparing Figures 10 to 14, one can see that the natdihe af/toplasm impedance has a larg@eet than
the extracellular impedance. The intracellular impeddrasemore ffect on the slope of the frequency dependence of the
magnetic induction on the surface of the neuron (boundangitions), while the extracellular impedanc@ezts more
the attenuation law with distance. The lattélieet is due to the fact that the extracellular impedarfiects the return
currents, and therefore plays a screenifige onB?, in a frequency-dependent manner. It is interesting to lseethe
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Figure 15: (Color online) Distance-dependence of the miagmeluction for a ball-and-stick model withfilusive media.
Same arrangement as in Fig. 14, but with boundary condiisnmepresented in Figs. 12 and 13. (a) Attenuation law for
the modulus oB? relative tor. As for the resistive model, the attenuation varies asfar r < 100um = 1/6, and as
1/r?forr > 200um = 1/3. (b) Attenuation law relative ta. Contrary to the resistive model, the attenuation depends o
frequency for all positions.

nature of the impedanceffectsB’, although we have roughly the same magnetic permeabilitaasum.

Discussion

In this paper, we have derived a cable formalism to calcueextracellular magnetic inducticﬁwgenerated by neuronal
structures. A first original contribution of this formalissto allow, for the first time, to evaluatin neurons embedded

in media which can have arbitrary complex electrical prtpsr such as for example taking into accouriusive or
capacitive fects in the extracellular space. To this end, it is necedsange the “generalized cable” formalism indro-
duced recently [20], which generalizes the classic Ralleedymalism [17, 18] but for neurons embedded in media with
complex electrical properties. Using this generalizedegabwas shown that the nature of the medium influences many
properties such as voltage and axial current attenuati@n [2

The present formalism is based on a multi-scale mean-fieldryh We consider the neuron in interaction with the
“mean” extracellular medium, characterized by a specifipagdance [20]. Using such a formalism, we can study the
influence of the nature of the extracellular medium impedast the axial current, and deduce iffeet on the spatial
and frequency profile oB. This represents a net advantage over a classical meartHaddy, where the medium is
considered as a continuum where the biological sourcesoaexplicitly represented. An alternative approach cdesié
using the Biot-Savart law in three dimensions, within a mBeld model of the cortex. This mean-field approach [2] can
be considered as a first-order approximation of the formmali® present here. However, this approach is strictly lichite
to resistive media, and cannot be used to investigate this fignerated in non-resistive or non-homogeneous media, wi
complex electrical properties. In such a case, the presemtalism should be used.

The preliminary simulations that we provided here for thgnedic cable show that the electric nature of the intracel-
lular and extracellular media influence many propertieﬁ.ofhis result may seem surprising at first sight, because the
magnetic field itself is not filtered by the medium, so we wwlqbectli to be independent of the electrical properties
of extracellular space. However, as mentioned above, theggerties influence the membrane currents and the axial
currents in the neuron, and thus, in turn, they also infleéiceSo this property constitutes an important prediction of
the present formalism, the nature of the extracellular omadnfluences the frequency dependencépﬁvhich can be
measured experimentally. Such an analysis constitutesportant future development of the present work.

A second contribution is that we have obtained an analytimese ofB for a continuous cylinder compartment with
arbitrarily complex extracellular space. This analytipesssion relies on the assumption that the continuousdsiis
of constant diameter. It should be possible to representamplex neuronal morphology using a set of such continuous
cylinder compartments, and thus this formalism can leackty gficient algorithms to simulate the magnetic field gener-
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Figure A.1:(Color online) Organigram of the successive approximati@od to calculatg’.

ated by complex neuronal morphologies or populations ofere This also constitutes a main follow-up of the present
work.

Itis important to note that some of the previously-propasedels are based on a direct application of the Biot-Savart
law [5, 33], which neglects the return currents and is edeivato consider that the neuron is embedded into vacuum. In
reality, the neuron exchanges currents with extracelkpgace, and generates return currents, which also patédipthe
the genesis oB. One main advantage of the present formalism is that thésereurrents are taken into account, and
thus we believe that it provides a good estimate of the “netfynetic inductior8 generated by complex morphologies
embedded in realistic extracellular media.

Finally, it must also be stressed that the present formalistompatible with magnetic stimulation. The emergence
of non-invasive techniques such as the trans-cranial ntmgtenulation [28] makes it very likely that such a stimtiden
will become increasingly important in the future. In ourrf@lism, it is possible to integrate thisfect as shown in
Eqg. (13). Here again, theffect of magnetic stimulation depends on the admittance ofrtedium, which constitutes
another way by whicl will depend on the electric properties of extracellar spdicghould be possible to use magnetic
stimulation as a “probe” to measure the electrical propsrtif extracellular space. Applying the present formalism t
magnetic stimulation, would also constitute a generabimadf previous approaches [34].

Appendices

A Convergence of the method of successive approximations

In this appendix, we show that the successive approximatietmod of Section (2.2.3) converges to a unique solution.
We show that the series of successive approximatiol® aicrease monotonically and are bounded, which ficant

to prove convergence. At every cycle of the iteration, thplaee equation is solved, which gives a approximation of for
BY. By virtue of the theorem of extremum solutions of the Laplaquation [35, 36], we can say that the minimum and
maximum values of the real and imaginary parts of the Fourgrsform (in time) oB’ are necessarily on the surface
of the continuous cylinder compartment (or its extensidoi),a transform along the axis. Similarly, for a transform
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along ther axis, they are necessarily on that surface or at infiniteollodvs that ifB? = f + ig on the surface of the
cylinder (or its extension) or at the L-P and P-R interfatiesn we havefi| > |f,| and|gi| > |g2| at every point in space
when these inequalities are satisfied over the boundaryittmmsl Therefore, the absolute value of real and imaginary
parts of the solution, as well as its modulus, of the firsteora;blutionB‘{ = f1 + igy are larger or equal to that of the
solutionBY = f, + igz. If this was not the case in a given poipitit would be in contradiction with the extremum value
theorem, because Laplace equation is linear. Indeed, tfexetfice between the solutioB§ — B is also solution of
Laplace equation for the boundary conditidris — f2) + i(g1 — g2). Consequently, the real and imaginary parts of the
solution cannot become negative if the boundary conditgmagositive.

To demonstrate that the absolute real and imaginary valteegrawing in successive approximations (Fig A.1),
we first calculate the solution using the Fourier transfoiam@z, but assuming that, on the surface of the extended
compartmentB’ is zero. In a second step, we calculate the solution usingdhéer transform alongand the continuity
principle at the borders L-P and P-R. This second calculajiges new boundary conditions on the extended cylindric
compartment. These boundary conditions have real and maagvalues which are necessary larger or equal (in absolute
value) than the ones given for zero boundary conditiongb&ethe finite length of Region P is now taken into account on
the surface of the extended compartment. Thus, accordiaigdee, the modulus of the second-order solution (caladlate
using the Fourier transform alomis necessarily larger than that of the first-order solytairevery point in space. This
reasoning will also apply to the second-order solution beedahe extremum value theorem implies that the modulus of
the second-order approximation is larger than the modultiedirst-order approximation at every point of the inteda
L-P and P-R (Fig. 3). It follows that applying the Fouriemsform with respect to gives larger values of the boundary
conditions for every point compared to the preceding oraled, so on... Consequently, these successive approximmation
produce a series of monotonically increasing values of théutus ofB’ at every point of space. This remarkable property
is a consequences of the theorem of extremum solutions dataequation.

Finally, we show that this series is bounded. Indeed, thiedinder solution has real and imaginary values smaller than
the solution with a finite compartment, becae= 0 on the extended compartment. Thus, according to the extremu
value theorem of Laplace equation, we can write that foryepeint in space, the modulus of the first-order solution is
smaller or equal to the exact solution of a single compartwéh no extension. It follows that, for every pointin space
the modulus of the first-order solution Bf is bounded by the modulus of the exact solution of the compent with no
extension. This is also valid for the second-order solytiomd so on... Consequently, the method converges to a unique
solution in every point in space because we have a seriehwhgrowing and which is bounded. The unicity of Laplace
equation solution insures that the series converges t@thedexact solution of the compartment without extension.
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